ON THE ZEROS OF A LINEAR COMBINATION OF POLYNOMIALS ROBERT VERMES
In this paper we consider the location of the zeros of a complex polynomial f(z) expressed as f(z) = 2J^0 CLkPk(z) where {pk{z)} is a given sequence of polynomials of degree k whose zeros lie in a prescribed region E. The principal theorem states that the zeros of f(z) are in the interior of a Jordan curve S = {z; | Fiz) \ = Max (1, R)} where F maps the complement of E onto I z I > 1 and R is the positive root of the equation f(z) = α 0 + a,z + + a n z n with complex coefficients a jm Cauchy derived practical bounds for the moduli of the zeros of (1) using the moduli of the coefficients a jm In many investigations the polynomial (1) is not expressed as a linear combination of the sequence {z k } f but as
where {p k (z)} i s a given sequence of polynomials. Cauchy's well known result (Harden [2] , Th. 27, 1) was generalized by Turan [4] in the case where the expansion in (2) is the Hermite-expansion e z2 Σιl=o h k (e~zy k) . He obtained upper bounds for the moduli of the imaginary parts of the zeros, i.e., a "strip" where all the zeros of (2) are located. Specht [3] , making use of the Christoffel-Darboux formula, extended these results to other sequences of orthogonal polynomials. In our Theorem 1, we replace the "strip" with a bounded region, which will yield an ellipse in the case where the {p k (z)} is a sequence of orthogonal polynomials on a finite interval.
2* Cauchy type estimate* In the sequal we shall use the following notations: Let E be a compact (infinite) set in the complex #~plane, whose complement G is simply connected, w = F(z) the univalent function which is defined on G and maps G conformally on D: | w | > 1 such that the point at infinity in the two planes correspond to each 554 ROBERT VERMES other and also preserves direction there. The function F(z) has the expansion in the point at infinity Proof. The rational function (p r (z)fp r+1 (z)) has the expansion in the neighborhood of the point at infinity:
Using (6) and (3) we obtain the following expansion for g r at z = oo
Hence g r (z) is analytic in the domain G and continuous in G U B.
With the aid of the maximum modulus theorem we obtain:
From (7) and (8) we obtain the estimate (9) For r < n (10)
Denote λ r = m r m r+1 « m n _ lf then for zeG (11) Now, let ζ 6 G be a zero of the polynomial in (4), then (12) \p n (Q
from which, after dividing by p n (ζ) Φ 0 and using (11), we obtain
But this inequality implies that | F(ζ) \ Φ R, for R is the root of (5).
From the definition of C R it follows that ζ is in the closed interior of C E . If ζ e E then clearly ζ is in the interior of C l9 hence all the zeros of (4) where we take that branch of z + (z 2 -1) 1/2 which becomes infinite at z = oo. The locus C^ = {2; | w | = i2} will be an ellipse with foci at + 1,-1 and with semi axes (l/2)(i2 + R'
Now, if -R = 2 + 3 1/2 then C R is the ellipse with major axis 4 and minor axis 2 3 1/2 . The distance of any point u outside or on C R from the zeros of p r (z) (r = 1, 2, •) is greater than 1. Let % be such a point; then 556 (15)
for suppose that the minimum distance of u from z ktr+1 is attained at 
, p) and p is the (only) positive root of
I α 0 1 + I Λi 11 + I α 2 1 e + + I a n _ x \ t n~ι -\ a n \ t n = 0 .
In particular, if the sequence {p r (z)} in Theorem 2 is a sequence of orthogonal polynomials then the zeros of p r (z) and p r+1 (z) separate each other and we have, for example, the following:
COROLLARY. If f(z) -J^:= o a r p r (z) is a polynomial expounded in Legendre polynomials p r (z), then all the zeros of f(z) are in the ellipse as given in Theorem 2.
We will use Theorem 1 to prove a result, Theorem 3, which is analogous to Pellet's theorem (Marden [2] , Th. 28, 1). Keeping the notation of Theorem 1, define: Proof. The region Ext. C p n Int. C^, by assumption (p > 1) is contained in G, hence we will show that if ζ e G is a zero of (22) If not all the a r (r < k) are zero, then the equation (23), according to the Descartes rule of sign, has two positive roots or has no positive roots at all.
ROBERT VERMES This last inequality tells us that t = | F(ζ) \< p or t = | F(ζ) \ > R, because the function H(t) is negative only for p < t < R.
We have shown that ζ g C t when p <t < R i.e., ζ £ Ext. C p Π Int. C R .
To complete the proof of Theorem 3 we have to show that the closed interior of C p contains exactly k zeros. We will do it by using a continuity argument. Define In the preceding theorems we obtained bounds for all the zeros of (2) as function of all the coefficients a r . However, if we restrict ourselves to p + 1 fixed coefficients and n -p arbitrary ones, are we able to find some bounds for p zeros? In the case f(z) -Y£^a r z r Van Vleck [5] proved that essentially there is only one case in which bounds for p zeros are derivable, i.e., if the fixed coefficients are the first p consecutive ones and any other one from the remaining set. In other words, he showed that if one of the coefficients a 0 , a l9 , α p _ 1 is arbitrary, then at least n -p + 1 zeros of Σ?=o a r zr mB Ύ be made arbitrarily large in modulus. Perhaps it is interesting to note that this is the case in which the polynomial (2) is expressed with the aid of the sequence p n (z) in Theorem 1. Suppose a k for some k(0^k^p-1) in f(z) = Σ? a r Vr{z) is arbitrary. Let jSf > 1 be such that the distance of C& from the origin is greater than a fixed large number 3. Choose a k so large in modulus that the equation in (24) has a root greater than 1 and also Mathematical papers intended for publication in the Pacific Journal of Mathematics should be typewritten (double gpaced). The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, Richard Arens at the University of California, Los Angeles, California 90024. 50 reprints per author of each article are furnished free of charge; additional copies may be obtained at cost in multiples of 50.
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